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Broad interest in quantum spin liquid (QSL) phases was triggered by the notion that they can be
viewed as insulating phases with preexisting electron-pairs, such that upon light doping they might
automatically yield superconductivity. Yet despite intense efforts, definitive evidence is lacking. We
address the problem of a lightly doped QSL through a large-scale density-matrix renormalization
group study of the t-J model on the triangular lattice with a small but non-zero concentration of
doped holes. The ground state is consistent with a Luther-Emery liquid with power-law super-
conducting and charge-density-wave correlations associated with partially-filled charge stripes. In
particular, the superconducting correlations are dominant on both four-leg and six-leg cylinders at
all hole doping concentrations. Our results provide direct evidences that doping a QSL can naturally
lead to robust superconductivity.
Quantum spin liquids (QSLs) are exotic phases of
matter that exhibit a variety of novel features associ-
ated with their topological character.[1–5] The simplest
QSLs known theoretically are characterized by topo-
logical order and support fractional excitations such as
spinons, which carry the spin-1/2 but not the charge
of the electron. The close relationship between a QSL
and a superconductor suggests that doping it might
naturally lead to superconductivity.[5–16] Indeed, this
is the original dream of the resonating valence bond
(RVB) theory as a mechanism for high temperature
superconductivity.[6] However, despite intense efforts
during past three decades, definitive evidence show-
ing that doping QSLs gives rise to superconductivity is
lacking.[5, 15–18] This is partially due to the fact that
the realization of QSLs is a great challenge to physi-
cists, where candidate materials and systems are rare and
somewhat controversial.[2–5]
Faced with these challenges, quasi-one-dimensional
systems such as cylinders (depicted in Fig.1) have be-
come an important starting point to resolve this prob-
lem. The cylinder can be viewed as one-dimensional (1D)
but has essential degrees of freedom that allow for two-
dimensional (2D) characteristics to emerge. Moreover,
it can be accurately studied using the density-matrix
renormalization group (DMRG) numerical procedure[19–
21]. The Luther-Emery (LE) liquid[22] is a 1D ana-
log of a superconductor which can be realized in quasi-
1D systems such as cylinders.[23–29] For instance, re-
cent DMRG calculations have found evidences for the
LE liquid ground state of the lightly doped Hubbard
model, where the undoped system is not a QSL, on a
square lattice four-leg cylinder.[28, 29] It has one gapless
charge mode but a finite gap in the spin sector. Although
both the charge-density-wave (CDW) and superconduct-
ing (SC) pair-field correlations decay with a power-law
in the LE liquid, a state with dominant SC rather than
CDW correlations provides much stronger evidences that
long-range superconductivity would exist in the 2D limit.
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FIG. 1: The t-J model on the triangular lattice. Periodic and
open boundary conditions are imposed respectively along the
directions specified by the lattice basis vectors ey and ex. Lx
and Ly are the number of sites in the ex and ey directions.
t1 (t2) and J1 (J2) are hopping integral and spin exchange
interactions between NN (NNN) sites. The electrons live at
the vertices (filled circles), and a, b and c denote the three
different bonds.
This is indeed the case that we find in this study as ex-
plained below.
The spin-1/2 antiferromagnet on the triangular lattice
(depicted in Fig.1) with nearest-neighbor (NN) and next-
nearest-neighbor (NNN) Heisenberg interactions, i.e., the
second term in Eq.(1), is highly frustrated. A num-
ber of numerical simulations have provided strong evi-
dence that its ground state is a QSL in the region of
0.07 ≤ J2/J1 ≤ 0.15,[30–37] which hence can serve as
an ideal platform to investigate the consequence of dop-
ing a QSL. Although it is still under debate whether this
QSL is gapped or gapless in the 2D limit, it is consistent
with a gapped (possibly “Z2”[38]) spin liquid on finite
width cylinders. This is evidenced by the observed non-
zero spin-gap and exponentially falling spin-spin correla-
tions where the correlation length is significantly shorter
than the either dimension of the cylinders, and short-
range dimer-dimer and chiral-chiral correlations.[30–34]
This is also consistent with our recent results by keeping
an unprecedentedly large number of states on wider cylin-
ders, where we find a gapped spin liquid ground state.[39]
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2Therefore, these leave little doubt that doping this state
corresponds to a doped gapped QSL.
Model and Method: In this paper, we employ
DMRG[19] to study the ground state properties of the
hole-doped t-J model on the triangular lattice, defined
by the Hamiltonian
H = −
∑
ijσ
tij
(
cˆ+iσ cˆjσ + h.c.
)
+
∑
ij
Jij
(
~Si · ~Sj − nˆinˆj
4
)
.(1)
Here cˆ+iσ (cˆiσ) is the electron creation (annihilation) op-
erator on site i = (xi, yi) with spin σ. ~Si is the spin oper-
ator and nˆi =
∑
σ cˆ
+
iσ cˆiσ is the electron number operator.
The electron hopping amplitude tij is equal to t1 (t2) if
i and j are NN (NNN) sites as shown in Fig. 1. J1 and
J2 are the spin superexchange interactions between NN
and NNN sites, respectively. The Hilbert space is con-
strained by the no-double occupancy condition, ni ≤ 1.
At half-filling, i.e., ni = 1, Eq.(1) reduces to the spin-1/2
antiferromagnetic J1-J2 Heisenberg model.
The lattice geometry used in our simulations is de-
picted in Fig.1, where ex = (1, 0) and ey = (1/2,
√
3/2)
denote the two basis vectors. We take the lattice ge-
ometry to be cylindrical with periodic (open) boundary
condition in the ey (ex) direction. Here, we focus on
cylinders with width Ly and length Lx, where Lx and
Ly are number of sites along the ex and ey directions,
respectively. The total number of sites is N = Lx × Ly
with Ne = N electrons at half-filling. The doping level of
the system is defined as δ = Nh/N , where Nh = N −Ne
is the number of doped holes.
For the present study, we focus on the lightly doped
case with δ ≤ 1/12 on width Ly = 4 cylinders of length
up to Lx = 144 and width Ly = 6 cylinders of length
up to Lx = 72. We set J1=1 as an energy unit and
J2 = 0.11 such that the system is deep in the QSL
phase at half-filling.[30–35] We consider t1 = 3 and
t2 = t1
√
J2/J1 = 0.995 to make a connection to the
corresponding Hubbard model.[40] The results also hold
for other t1 and t2. We perform up to 100 sweeps and
keep up to m = 12000 states for width Ly = 4 cylin-
ders with a typical truncation error  < 3×10−7, and up
to m = 25000 states for width Ly = 6 cylinders with a
typical truncation error  < 4 × 10−6. This leads to ex-
cellent convergence for our results when extrapolated to
m =∞ limit. Further details of the numerical simulation
are provided in the Supplemental Material (SM).
Principal results: We find that the system exhibits
power-law CDW correlations corresponding to a local
pattern of “partial-filled” charge stripes. For width
Ly = 4 cylinders, the wavelength of the CDW, i.e., the
spacings between two adjacent charge stripes, is λ = 1/2δ
corresponding to an ordering wavevector Q = 4piδ with
half a doped hole per unit cell (Fig.2A). This is similar
with the lightly doped Hubbard model on a four-leg cylin-
der on the square lattice when the NNN electron hopping
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FIG. 2: Charge density profiles and Luttinger exponent Kc.
Charge density profiles n(x) for (A) Ly = 4 and (B) Ly = 6
cylinders of length Lx at various doping levels δ. The ex-
tracted Luttinger exponent Kc using Eq.(2) for (C) Ly = 4
and (D) Ly = 6 cylinders as a function of 1/Lx and δ, where
the grey data points are excluded to minimize the boundary
effect. Error bars denote the numerical uncertainty.
t′ is included. For width Ly = 6 cylinders, the CDW has
a wavelength of λ = 1/3δ and an ordering wavevector
Q = 6piδ with only one third of a doped hole per unit
cell (Fig.2B).
Because Lx  Ly, our system can be thought of as 1D,
and we find that the ground state of the system is consis-
tent with that of a LE liquid[22], which is characterized
by gapless charge excitations (Fig.2, 3 and 4) but a gap
in the spin sector (Fig.5), with one gapless charge mode
(Fig.6). At long distance, the spatial decay of the CDW
correlations are dominated by a power-law with the Lut-
tinger exponent Kc. The exponent Kc can be obtained
by fitting the charge density oscillations (Friedel oscilla-
tions) induced by the boundaries of the cylinder[41]
n(x) = n0 + δn ∗ cos(2kFx+ φ)x−Kc/2. (2)
Here n(x) = 〈nˆ(x)〉, where nˆ(x) = ∑Lyy=1 nˆ(x, y)/Ly is
the local rung density operator and x is the rung index
of the cylinder. δn is a non-universal amplitude, φ is a
phase shift, n0 is the background density and kF is the
Fermi wavevector. Note that a few data points (Fig.2A
and B, grey color) are excluded to minimize the bound-
ary effect and improve the fitting quality. The extracted
exponent Kc > 1 on both width Ly = 4 and Ly = 6
cylinders at all doping levels, in particular, δ = 1/12 on
width Ly = 6 cylinders (Fig.2C and D). Similarly, Kc can
also be obtained from the charge density-density correla-
tion function which gives consistent results (see SM for
details).
At long distance, the SC pair-field correlation Φ(r),
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FIG. 3: Superconducting correlations on Ly = 4 cylinders.
SC correlation functions Φaa(r) on Ly = 4 cylinders of length
Lx for (A) δ = 1/12, (B) δ = 1/16 and (C) δ = 1/24 on
double-logarithmic scales, where r is the distance between
two Cooper pairs in the ex direction. The solid lines denote
power-law fitting Φaa(r) ∼ r−Ksc . (D) Luttinger exponent
Ksc as a function of δ and 1/Lx. Inset: The extracted expo-
nents Ksc, Kc and their product KscKc from longest available
cylinders as a function of δ. Error bars denote the numerical
uncertainty.
defined in Eq.(4), is also characterized by a power-law
with the appropriate Luttinger exponent Ksc defined by
Φ(r) ∝ r−Ksc , (3)
where r is the distance between two Cooper pairs along
the ex direction. The extracted exponent is shown in
Fig.3D and Fig.4D, where we can see clearly that Ksc < 1
when Lx  Ly for both Ly = 4 and Ly = 6 cylinders.
As expected theoretically from the LE liquid[22], we find
that the relation KcKsc = 1 holds within the numeri-
cal uncertainty and finite-size effect. Although a notable
deviation can be seen for the doping level δ = 1/12 on
a width Ly = 6 cylinders (Fig.4D inset), it can be at-
tributed to the finite-size effect, which is also consistent
with that of the central charge c shown in Fig.6D. How-
ever, the apparent trend that c approaches to the ex-
pected value c = 1 in the limit Lx  Ly shows that the
ground state of the system is consistent with a LE liquid.
In any case, the fact that Kc > Ksc (Fig.3D and Fig.4D)
undoubtedly demonstrates the dominance of the SC cor-
relations Φ(r) on both Ly = 4 and Ly = 6 cylinders,
which strongly suggests that long-range superconductiv-
ity would exist in the 2D limit.
Charge density wave order: To describe the charge
density properties of the ground state of the system, we
have calculated the charge density profile n(x). Fig.2A
shows the n(x) for width Ly = 4 cylinders, which is con-
sistent with the “half-filled” charge stripe of wavelength
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FIG. 4: Superconducting correlations on Ly = 6 cylinders.
SC correlation functions Φaa(r) on Ly = 6 cylinders of length
Lx for (A) δ = 1/12, (B) δ = 1/18 and (C) δ = 1/24 on
double-logarithmic scales, where r is the distance between
two Cooper pairs in the ex direction. The solid lines denote
power-law fitting Φaa(r) ∼ r−Ksc . (D) Luttinger exponent
Ksc as a function of δ and 1/Lx. Inset: The extracted expo-
nents Ksc, Kc and their product KscKc from longest available
cylinders as a function of δ. Error bars denote the numerical
uncertainty.
λ = 1/2δ, i.e., spacings between two adjacent stripes, for
all doping concentration δ with half a doped hole per unit
cell. The charge density profile n(x) for width Ly = 6
cylinders is shown in Fig.2B, which is however consistent
with “third-filled” charge stripes for all δ with only one
third of a doped hole per unit cell. As a result, it has a
shorter wavelength λ = 1/3δ than the “half-filled” stripes
at the same doping concentration δ.
At long distances, we find that the CDW correlations
decay with a power-law with the Luttinger exponent Kc.
The exponent Kc, which was obtained by fitting the data
points using Eq.(2), is shown in Fig.2C for width Ly = 4
cylinders and Fig.2D for width Ly = 6 cylinders as a
function of Lx and δ. For all cases, we find that Kc
increases with Lx, which is consistent with weaker CDW
correlations in the longer cylinders. A notable difference
between the Ly = 4 and Ly = 6 cylinders is the doping
dependence of Kc as shown in Fig.3D and Fig.4D. On
the Ly = 4 cylinders, the value of Kc decreases with
the increase of δ on width Ly = 4 cylinder. However,
Kc increases with the increase of δ on width Ly = 6
cylinders. In any case, our results show that Kc > 1, or
more precisely Kc > 1.2 when Lx  Ly, for all doping
levels on both Ly = 4 and Ly = 6 cylinders. Further
details can be found in the SM.
Superconducting correlation: To test the possi-
bility of superconductivity, we have also calculated the
equal-time SC pair-field correlations. As the ground state
4of the system with even number of doped holes is always
found to have spin 0, we focus on spin-singlet pairing.[42]
A diagnostic of the SC order is the pair-field correlator,
defined as
Φαβ(r) =
1
Ly
Ly∑
y=1
〈∆†α(x0, y)∆β(x0 + r, y)〉. (4)
Here ∆†α(x, y) =
1√
2
[c†(x,y),↑c
†
(x,y)+α,↓− c†(x,y),↓, c†(x,y)+α,↑]
is the spin-singlet pair-field creation operator, where the
bond orientations are designated α =a, b and c (Fig.1),
(x0, y) is the reference bond with x0 ∼ Lx/4, and r is the
distance between two bonds in the ex direction.
Due to the presence of CDW modulations (Fig.2), SC
correlations Φαβ(r) exhibit similar spatial oscillations
with n(x). For a given cylinder of length Lx, we de-
termine the decay of SC correlations with reference bond
located at the peak position around x0 ∼ Lx/4 of the
charge density distribution n(x) to minimize the bound-
ary effect[27, 28]. Examples of Φaa(r) are given in Fig.3
and Fig.4 for width Ly = 4 and Ly = 6 cylinders, respec-
tively. For a given cylinder of length Lx, we extrapolate
Φaa(r) to the limit  = 0 using a second-order polyno-
mial function with four data points of largest number of
states, typically m = 6000 ∼ 12000 for width Ly = 4
cylinders and m = 15000 ∼ 25000 for width Ly = 6
cylinders. This gives accurate values of Φaa(r) for reli-
able finite-size scaling. Further details are provided in
the SM.
As the ground state of the system is a spin-singlet
state, the pair symmetry of the SC correlations is con-
sistent with either s-wave or d-type wave, including the
topological d+ id-wave and nematic d-wave which breaks
the C3 lattice rotational symmetry. In the following we
show that the pair symmetry is only consistent with the
nematic d-wave.[43, 44] First of all, our results show that
the ground state wavefunction of the system is purely real
and the imaginary part of all the SC correlations Φαβ(r)
is zero. As a result, the pair symmetry is inconsistent
with d + id-wave. Second, the SC correlations change
sign between different bonds, i.e., Φab ∼ Φac ∼ −0.4Φaa
(see SM for details), so the pair symmetry is also incon-
sistent with s-wave. Consequently, the remaining option
is the nematic d-wave, which is indeed consistent with
our results. The dominance of the SC correlations on
a bonds than other bonds, i.e., Φbb ∼ Φcc ∼ 0.2Φaa on
both the Ly = 4 and Ly = 6 cylinders, demonstrate the
robustness of the nematic order. Therefore, we conclude
that the SC pair symmetry is nematic d-wave, where the
C3 lattice rotational symmetry is broken.
Similar to the CDW correlations, the SC correlations
Φ(r) of the system on both width Ly = 4 (Fig.3) and
Ly = 6 cylinders (Fig.4) also decay with a power law,
whose exponent Ksc was obtained by fitting the results
using Eq.(3).[27–29] The fact that the observed Ksc < 1
holds for all the cases when Lx  Ly undoubtedly
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FIG. 5: Spin-spin correlations. Examples of spin-spin corre-
lation functions F (r) at doping level δ = 1/12 for (A) Ly = 4
and Ly = 6 cylinders on the semi-logarithmic scale. Solid
lines denote exponential fitting F (r) ∼ e−r/ξs , where r is the
distance between two sites in the ex direction. (B) The spin-
spin correlation length ξs as a function of δ for both Ly = 4
and Ly = 6 cylinders. Error bars denote the numerical un-
certainty.
demonstrates the dominance of the SC correlations over
the CDW correlations since Kc > 1 > Ksc. These find-
ings are in stark contrast to the case of doping QSL on
the Kagome lattice[18], where the SC correlations decay
exponentially but the CDW correlations have 2D long-
range order. This indicates that the lattice geometry may
play a critical role in giving rise to superconductivity in
doping a QSL.
Spin-spin correlation: To describe the magnetic
properties of the ground state, we calculate the spin-spin
correlation functions defined as
F (r) =
1
Ly
Ly∑
y=1
|〈~Sx0,y · ~Sx0+r,y〉|, (5)
where ~Sx,y is the spin operator on site i = (x, y). (x0, y)
is the reference site with x0 ∼ Lx/4 and r is the distance
between two sites in the ex direction. Following simi-
lar procedure as for n(x) and Φ(r), we first extrapolate
F (r) to the limit  → 0 for a given cylinder of length
Lx and then perform finite-size scaling as a function of
Lx. As shown in Fig.5A, F (r) decays exponentially as
F (r) ∼ e−r/ξs , with a correlation length ξs = 1 ∼ 8 lat-
tice spacings for the Ly = 4 cylinders and ξs = 2 ∼ 7
lattice spacings for the Ly = 6 cylinders (Fig.5B) for
doping concentration 0 ≤ δ ≤ 1/12. Therefore, the spin-
spin correlations are short-ranged with a finite spin gap,
which is similar with the QSL at half-filling.
Central charge: A key feature of the LE liquid is that
it has a single gapless charge mode with central charge
c = 1, which can be obtained by calculating the von
Neumann entropy S = −Trρlnρ, where ρ is the reduced
density matrix of a subsystem with length x. For critical
systems in 1+1 dimensions described by a conformal field
theory, it has been established[45, 46] that for an open
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FIG. 6: Von Neumann entanglement entropy S. S is shown
at doping level δ = 1/12 for (A) Ly = 4 and (B) Ly = 6
cylinders. Extracted central charge c using Eq.(6) for (C)
Ly = 4 and (D) Ly = 6 cylinders a a function of Lx and
δ. Note that a few data points in blue from each end are
removed to minimize boundary effects. Error bars denote the
numerical uncertainty.
system of length Lx,
S(x) =
c
6
ln
[4(Lx + 1)
pi
sin
pi(2x+ 1)
2(Lx + 1)
| sin kF |
]
+ A˜
sin[kF (2x+ 1)]
4(Lx+1)
pi sin
pi(2x+1)
2(Lx+1)
| sin kF |
+ S˜, (6)
where A˜ and S˜ are model dependent fitting parameters,
and kF is the Fermi momentum. Examples of S(x) are
shown in Fig.6A and B for the Ly = 4 and Ly = 6 cylin-
ders, respectively. For a given cylinder of length Lx, a few
data points in blue close to the ends are excluded in the
fitting to minimize the boundary effect. The extracted
central charge c is shown in Fig.6C and D as a function
of Lx and δ. Although the value of c deviates notably
from c = 1 on short cylinders, apparently it approaches
c = 1 with the increase of Lx by taking into account the
numerical uncertainty and finite-size effects. The result
is consistent with one gapless charge mode with c = 1,
which provides additional evidence for the presence of the
LE liquid in doping the QSL on the triangular lattice.
Summary and discussion: Taken together, our re-
sults show that the ground state of a doped QSL on the
triangular lattice is consistent with a LE liquid with a
finite gap in the spin sector. Although both CDW and
SC correlations decay with a power-law, the fact that
Kc > 1 > Ksc on both the 4-leg and 6-leg cylinders when
Lx  Ly at all doping levels undoubtedly demonstrates
the dominance of the SC correlations with strong diver-
gent SC susceptibility. To the best of our knowledge, this
is the first numerical realization of dominant supercon-
ductivity in a doped QSL, which provides strong evidence
that doping a QSL would naturally give rise to long-range
superconductivity in the 2D limit.[6–9] In this paper, we
have focused on the lightly doped case, it will also be
interesting to study the higher doping case as well as the
consequence of doping different phases on the triangular
lattice such as the magnetic ordered phase. Answering
these questions may lead to better understanding of the
mechanism of high temperature superconductivity.
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Supplemental Material
I. Numerical convergence
We have checked the numerical convergence of our
DMRG simulations regarding various symmetries such as
spin rotational symmetry. It is known that the ground
state of a finite system in one or two dimensions cannot
spontaneously break any continuous symmetry. There-
fore, the true ground state of the t-J model on finite
cylinders should preserve the SU(2) spin rotational sym-
metry. This can be considered as one of the key signa-
tures to determine whether a DMRG simulation has con-
verged to the true ground state. We take two routes to
address this issue in our DMRG simulation. First of all,
we calculate the expectation value of the z-component
of the spin operator, i.e., 〈Sˆzi 〉, where i labels the lattice
site. As the true ground state is an equal-weight super-
position of |Sz = 1/2〉 and |Sz = −1/2〉 spin states, then
〈Sˆzi 〉 = 0 for all sites i. A simple measurement of this
condition is to define a quantity mz =
∑N
i=1 |〈Szi 〉|/N ,
which should vanish as the DMRG simulation converges
to the true ground state. In all of our DMRG simula-
tions for both Ly = 4 and Ly = 6 cylinders, we find that
mz = 0 even when we keep a relatively small number of
states, suggesting that our simulations have converged.
Second, the SU(2) spin rotational symmetry requires
that the relation 〈Sxi Sxj 〉=〈Syi Syj 〉=〈Szi Szj 〉 holds between
two arbitrary sites i and j, which is again fulfilled in our
simulations. In addition to spin rotational symmetry,
other symmetries including both the lattice translational
symmetry in ey direction and reflection symmetry in the
ex direction are also satisfied. Therefore, we conclude
that our numerical simulation has converged to the true
ground state.
II. Further calculation details
To reliably describe ground state properties, we have
explored the role of cylinder size and boundary effects.
In the current study, we typically start with a random
state in our calculation. However, to elucidate the reli-
ability of our results, we also check our calculations by
adding a pinning field with the appropriate wavelength
to stabilize a CDW state. We find that in all the cases
it is sufficient to add the pinning field during the initial
sweeps of the calculation and ramp its amplitude to zero
in a few subsequent sweeps. This happens only for the
smallest number of states that we have considered, i.e.,
m = 2187, while for the subsequent calculations with
m > 2187 it is not necessary to hold a finite (even van-
ishingly small) pinning field to stabilize the charge stripe
pattern. This gives us the same results as we start from
a completely random initial state without any pinning
field, which undoubtedly demonstrates the reliability of
our study. Moreover, it is not necessary to apply pin-
ning pair-field to stabilize the superconductivity in our
DMRG calculation.
III. Ground state energy
Fig.S1 shows examples of truncation error  extrapo-
lation of the ground state energy per site e0 = E0/N ,
where E0 is the total energy of a system for N = 96× 4
and N = 64 × 6 at doping level δ = 1/12. By keep-
ing m = 2187 ∼ 12000 number of states for the Ly = 4
cylinders, and m = 2187 ∼ 25000 number of states for
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FIG. S1: Ground state energy of the t-J model. Ground
state energy per site e0 for δ = 1/12 as a function of 1/Lx
for width (A) Ly = 4 and (B) Ly = 6 cylinders. Insets:
Examples of truncation error  extrapolation of e0 for the (A)
N = 96× 4 and (B) N = 64× 6 cylinders.The red lines show
the extrapolation using a linear function.
the Ly = 6 cylinders, we are able to converge to the
true ground state of the system which preserves all the
symmetries of the Hamiltonian, including the SU(2) spin
rotational symmetry, lattice translational symmetry in
the ey direction and reflection symmetry in the ex direc-
tion. The truncation error extrapolation using a linear
function with m = 3200 ∼ 12000 for N = 96 × 4 cylin-
der gives e0 = −2.02296(1). For N = 64 × 6 cylinder,
the truncation error extrapolation using a linear func-
tion with m = 10000 ∼ 25000 gives e0 = −1.97929(2).
The ground state energy e0 for other cylinders and dop-
ing concentrations δ can be obtained similarly. Conse-
quently, we can obtain accurate estimates of the ground
state energies in the long cylinder limit, i.e., Lx →∞, by
carrying out a finite-size scaling as a function of 1/Lx.
Examples of the extrapolation are shown in Fig.S1 for
the (A) Ly = 4 and (B) Ly = 6 cylinders at δ = 1/12, in
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FIG. S2: Convergence of the SC correlations. SC correlation
Φaa(r) on the (A) N = 120× 4 cylinder at δ = 1/12 and (B)
N = 144 × 4 cylinder at δ = 1/24, by keeping m = 2187 ∼
12000 states, and the N = 64 × 6 cylinders at (C) δ = 1/12
and (D) δ = 1/24, by keeping m = 2187 ∼ 25000 states. All
the figures are plotted in the double-logarithmic scales, where
r is the distance between two Cooper pairs in the ex direction.
The red lines label the power-law fit Φaa(r) ∼ 1/rKsc .
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FIG. S3: Pair symmetry of the SC correlations. Ratio of
the SC correlations Φab/Φaa, Φac/Φaa and Φbc/Φaa on both
the Ly = 4 and Ly = 6 cylinders at (A) δ = 1/12 and (B)
δ = 1/24. r is the distance between two Cooper pairs in the
ex direction.
which all energies of various cylinder length Lx fall per-
fectly onto a linear fit, with a linear regression R2 = 1.
This gives an energy e0 = −2.03064(2) for the Ly = 4
cylinder, and e0 = −1.99158(4) for the Ly = 6 cylin-
ders in the limit Lx = ∞. Similarly, we have also ob-
tained the ground state energies for other doping con-
centrations, e.g., e0 = −1.86683(1) at δ = 1/16 and
e0 = −1.69974(1) at δ = 1/24 for the Ly = 4 cylinders,
and e0 = −1.78442(1) at δ = 1/18 and e0 = −1.67589(1)
at δ = 1/24 for the Ly = 6 cylinders.
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FIG. S4: Charge density-density correlations. Charge
density-density correlations D(r) at δ = 1/12 for the (A)
Ly = 4 and (B) Ly = 6 cylinders on double-logarithmic scales,
where r is the distance between two sites in the ex direction.
The solid lines denote a power-law fit D(r) ∼ r−Kc . Ex-
tracted exponent Kc for the (C) Ly = 4 and (D) Ly = 6
cylinders as a function of δ and 1/Lx. The dashed line is
a guide for eyes and error bars denote the numerical uncer-
tainty.
IV. Convergence of superconducting correlations
Fig.S2A and B show the superconducting (SC) pair-
field correlations Φaa(r) with r = 1 ∼ Lx/2 in the ex
direction for width Ly = 4 cylinders by keeping m =
2187 ∼ 12000 states at doping levels δ = 1/12 and δ =
1/24. The blue circles label the extrapolated values to the
limit  = 0, i.e., m = ∞, using second-order polynomial
function with four data points of largest number of states
m = 6000 ∼ 12000. To minimize the boundary and
finite-size effect, the first few data points with small r
are excluded. As indicated by the red sold lines, the
SC correlations are consistent with a power-law decay
Φaa ∝ r−Ksc with Ksc ∼ 1.
Fig.S2C and D show the SC pair-field correlations
Φ(r)aa with r = 1 ∼ Lx/2 in the ex direction for width
Ly = 6 cylinders by keeping m = 2187 ∼ 25000 states
at doping levels δ = 1/12 and δ = 1/24. The green
crosses label the extrapolated values to the limit  = 0,
i.e., m = ∞, using second-order polynomial function
with four data points of the largest number of states
m = 15000 ∼ 25000. To minimize the boundary and
finite-size effect, the first few data points with small r are
excluded. Similarly with the Ly = 4 cylinders, Φaa(r) are
also consistent with a power-law decay Φaa(r) ∝ r−Ksc
with Ksc ∼ 1, as indicated by the red solid lines.
In addition to the spin-singlet SC correlation, we have
also calculated the spin-triplet SC correlation. However,
it is much weaker than the spin-singlet SC correlation,
suggesting that spin-triplet superconductivity is unlikely.
V. Superconducting pair symmetry
We have shown in the main text that the pair symme-
try of the SC correlations is consistent with the nematic
d-wave. Here, we provide more results to further support
this. Fig.S3 shows examples of the SC correlations for
both width Ly = 4 and Ly = 6 cylinders at δ = 1/12 and
δ = 1/24. For all the cases, we find that the SC correla-
tions have the following relations: Φbb ∼ Φcc ∼ 0.2Φaa,
Φab ∼ Φac ∼ −0.4Φaa, and Φbc ∼ 0.2Φaa. Similar rela-
tion also holds for other doping levels, such as δ = 1/16
and δ = 1/18 etc.
VI. Charge density-density correlations
In addition to the charge density oscillation (Friedel
oscillation), the exponent Kc can also be extracted from
the charge density-density correlation, which is defined
as D(r) = 〈(nˆ(x0) − 〈nˆ(x0)〉)(nˆ(x0 + r) − 〈nˆ(x0 + r)〉)〉.
Here x0 is the rung index of the reference site and r is the
distance between two sites in the ex direction. Following
similar procedure as for n(x) and Φ(r), we extrapolate
D(r) to the limit → 0 for a given cylinder of length Lx
and then perform finite-size scaling as a function of Lx.
As shown in Fig.S4A and B for δ = 1/12, D(r) decays
with a power-law whose exponent Kc was obtained by
fitting the results using D(r) ∝ r−Kc . Similarly, the ex-
ponent Kc can be obtained for other δ, which are shown
in Fig.S4C and D for the Ly = 4 and Ly = 6 cylinders,
respectively. Although the exponent fitted from D(r)
slightly deviates quantitatively from that extracted from
the charge density oscillation n(x), which is due to the
fact that the calculation of the multiple-operator corre-
lation is less accurate than the single operator measure-
ment. However, they are qualitatively consistent with
each other with Kc > 1.
